Relativistic three-body recombination with the QED vacuum 
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Electron-positron pair annihilation into a single photon is studied when a second free electron 
is present. Focussing on the relativistic regime, we show that the photon emitted in the three- 
lepton interaction may exhibit distinct angular distributions and polarization properties. Moreover, 
the process can dominate over two-photon annihilation in relativistic electron-positron plasmas of 
few-MeV temperature. An analogy with three-body recombination of electrons with ions is drawn. 
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Introduction. — Electron-positron annihilation into pho- 
tons is a fundamental process of quantum electrodynam- 
ics (QED) which allows for various applications In 
free space, energy-momentum conservation dictates elec- 
trons and positrons to annihilate into at least two pho- 
tons. While the two-photon process e + e~ — > 2j is most 
abundant, larger photon numbers may also be emitted, 
as the three-photon decay of ortho-positronium shows. 
Annihilation into a single photon is usually forbidden 
kinematically. It becomes possible, however, in the pres- 
ence of an additional particle or external field which can 
absorb recoil momentum. Such a process has been stud- 
ied most intensively, both in experiment and theory, for 
positron annihilation on deeply bound inner-shell elec- 
trons in atoms [2[. Single-photon annihilation can also 
occur in the presence of a (quasi) free spectator electron 
(or positron) via 



e + e 



7 + e'. 



(1) 



The low-energy limit of this reaction has been studied 
with respect to the decay of positronium ions Ps _ where 
the second electron is loosely bound to the Ps core. Since 
the calculation is quite involved, the first studies [3[ 
treated only subsets of the relevant leading-order Feyn- 
man diagrams. Later on, a complete consideration was 
provided Q . For the ratio of single-photon to two-photon 
annihilation in Ps~, the small value i?i 7 /i?2 7 ~ 10~ 10 
was found, which cannot be probed in experiment yet 
Contrary to that we shall show in the present study 
that, in the domain of high energies, reaction ([T]) becomes 
significant and acquires very special features. 
Relativistic e + e" samples of high density (p ~ 
10 16 cm -3 ) can nowadays be produced via intense laser- 
solid interactions Q. A further increase in density up 
to p ~ 10 23 cm~ 3 by this method has been predicted 
0. Similar pair densities are expected from QED cas- 
cades occurring in collisions of superintense laser beams 
Q. This offers prospects for laboratory studies on rel- 
ativistic e + e~ plasmas which are of relevance to vari- 
ous astrophysical phenomena such as gamma-ray bursts, 
supernova explosions, and the evolution of the early 
universe Meanwhile, theoreticians have started to 



explore (ultra-) relativistic e + e~ plasmas with densi- 
ties > 10 30 cm~ 3 , analyzingthe thermalization process 
03 j dynamical properties 11 1, and photo-emission spec- 
tra [1 21 ] . In particular it was shown that in these ex- 
tremely dense environments higher-order QED processes 
and mult i- particle correlation effects may be prominent. 
In this Letter, the single-photon annihilation (UJ is stud- 
ied in the relativistic regime. We develop an alternative 
approach to the problem based on Furry-Feynman dia- 
grams and show that the relative importance of this pro- 
cess can grow for higher particle energies. It is found to 
dominate over the usual two-photon annihilation chan- 
nel in a relativistic e + e~ plasma above 3 MeV tempera- 
ture. Characteristic features in the angular distribution 
and polarization properties of the emitted photon are re- 
vealed. Besides, a connection to atomic physics is estab- 
lished by relating the triple reaction (JJJ with three-body 
recombination of electrons with ions. 
Theoretical approach. — Calculation of ([lj by the meth- 
ods of ordinary QED requires consideration of eight Feyn- 
man diagrams to leading order, four of which are shown 
in Fig.[TJ The other four result from exchange of the 
incoming electron lines. Treating the problem instead 
within the framework of laser-dressed QED reduces its 
diagrammatic complexity. Within this approach leptons 
are described by Volkov states 13[ which include the 



interaction with an external plane- wave electromagnetic 
field to all orders (Furry picture) . It usually serves to cal- 
culate nonperturbative multiphoton processes in atomic 
physics and QED (see Q f° r a review), but may also 
be utilized to obtain single-photon cross sections: In an 
expansion of the laser-dressed matrix element with re- 
spect to the laser-particle coupling parameter, the lead- 
ing terms recover the coherent sum of the leading-order 
ordinary Feynman diagrams when the amplitude of the 
laser field is renormalized appropriately (see chapter 101 
in 



131 ] for an example regarding Compton scattering). 



In the present case, the eight ordinary Feynman graphs 
describing reaction (UJ) can be obtained from the weak- 
field limit of just two Furry-Feynman diagrams, as indi- 
cated in Fig. [TJ Using relativistic units with h = c = 1, 
the single-photon annihilation amplitude may thus be 
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FIG. 1: (Left) Furry-Feynman diagram of e + e~ pair annihila- 
tion upon scattering off another electron in the presence of an 
external plane-wave photon field. The zigzag-lines represent 
field-dressed (Volkov) states; they are labeled by the particle 
momenta outside the field, n and n' are the numbers of real 
photons absorbed at each vertex, respectively. (Right) In the 
limit of a weak external field, the Furry-Feynman diagram 
can be expanded to leading order into four ordinary Feynman 
graphs (a)-(d). The corresponding exchange Furry-Feynman 
diagram (with p~ o p) accounts in the same manner for the 
remaining four field-free Feynman graphs. 



written as 



S =i2{2Trfa5 A {p + 



p — k — p) 



2itm i 



E+E-E p E pl ujV 5 



(2) 



where a = e 2 w 1/137 is the QED fine-structure con- 
stant, to the electron mass, V the interaction volume, 
E + , E~ , E p , Epi and u> are the particle and photon 
energies, and M. p + P - >pp i is the normalized matrix ele- 
ment corresponding to the weak-field limit of the Furry- 
Feynman diagram shown in Fig. Q] It is given by 



E 

n=0,l 



(r 



■p 



nk) 7 



(3) 



with n being the number of photons emitted by the anni- 
hilating pair of particles, and n' = l — n being the number 
of photons emitted by the spectator particle. Moreover, 



N„ 



2k ■ p+ 2k -p 
2k -p' 2k -p 



P~ : s ~ 



h," ( 4 ) 



where u, v and 7 M are the usual Dirac spinors and ma- 
trices, respectively, and e is the polarization four-vector 
of the emitted photon. The leading-order values of the 
coefficients are 



b = 1 , c = , bi = 
Bq = 1 , Co = , B\ 



e{e-p ) _ e(e ■ p + ) 

k ■ p~ k ■ p + 
_ e(e-p) e(e-p') 



k ■ p 



k ■ p' 



,ci = 1 , 
,C 1 = 1. 



(5) 



The quantity M.. 



differs from Ai r 



by the 



exchange of the momenta of the two incoming electrons 
(p~ O p) . The total rate is obtained as 



Ri~t - Tp 



Vd 3 p' 



(2tt) 3 J (2tt) 



Vd 3 k [\ - \ - 



s\ 2 



(6) 



pol's spins 



where T is the interaction time, and a statistical factor 
i comes from the initial spin-state averaging. Note that 
i?i 7 oc V~ 2 exhibits a different density dependence than 
the rate for two-photon annihilation. In the low-energy 
limit, it amounts to R ly = 2 5 ir 2 a 3 /(3 3 m 5 V 2 ) [HI]. 
It is convenient to define an annihilation rate per 
positron, 



= N p N p 



R 



17 PpPp 



V 2 R 



I7 ■ 



(7) 



where N p — p p V (and accordingly N p - — p p -V) is the 
number of electrons with momentum p in the volume V. 
Based on Eq. ([7]) we will now discuss the properties of 
reaction (p} in the domain of relativistic energies. 
Annihilation in the collision of a relativistic electron with 
a low-energy e + e~ pair. — In order to gain detailed in- 
sights into reaction ([1]) we first study it in a special config- 
uration. Let us assume that a high-energy electron beam 
(of energy E p ) penetrates a cold e + e~ sample (with en- 
ergies E+ ks E~ re to) pS [3. 

As Fig. [2] shows, the single-photon annihilation rate in- 
creases with the incident electron energy E p . To a good 
approximation, the rate follows a logarithmic increase 



R 



3aV 



i 7 



-PpPp- 



TO 
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(8) 



One can show that, in the case E p 3> to, the rate is 
dominated by the contributions from the diagrams (a) 
and (b) in Fig. [T] They describe channels where the 
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FIG. 2: Total rate for annihilation of an e + e~ pair at rest 
into a single photon, as a function of the energy of the sec- 
ond electron [see Eq. fT}]. The particle densities are chosen as 
Pv ~ Pp- ~ 10 24 cm ~ 3 - The solid line is a logarithmic fit func- 
tion to the numerical results shown by the open circles. Also 
shown are the separate contributions to the rate stemming 
from photons with polarization vector perpendicular (ex) or 
parallel (ey) to the plane spanned by k and p. 
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photon is emitted by the low-energy electron or positron 
and give rise to the logarithmic growth of the rate. The 
latter results from the fact that the intermediate photon 
approaches the mass shell as E p increases, according to 
&vir = (P + + P ~ ~ ~ T?- The contribution from 

V 

the other diagrams, describing photoemission by the col- 
liding electron or annihilation of the colliding electron 
with the positron, is suppressed. Thus, for large E p , 
the process (J]) may be viewed approximately as being 
composed of two successive processes: two-photon anni- 
hilation followed by the reverse process of electron radi- 
ation. A small "virtuality" of the intermediate photon 
must clearly remain, as the latter process is forbidden 
for a real photon. Note besides that despite the small 
value of k 2 ir the three-momentum |k v ; r | « to is large. 
Hence p <C |k v ; r | 3 , so that collective effects (such as the 
Landau-Pomeranchuk-Migdal effect which would restrict 
the coherence length of the process) are negligible. 
Particularly interesting is the polarization of the emit- 
ted photon. As Fig. [2] shows, in the regime E p m the 
photon is largely polarized along the direction ej_ perpen- 
dicular to the plane spanned by the photon wave vector 
k and the colliding electron momentum p. An intuitive 
explanation of this finding may be given based on the 
dominance of the diagrams (a) and (b), together with the 
fact that the intermediate photon is almost " real" . First 
we note that in classical electrodynamics the radiation 
of an accelerated charge of high velocity is polarized in 
the plane spanned by the radiation wave vector and the 
charge velocity vector [l7j . Besides it is known that, due 
to selection rules, the polarization planes of the photons 
generated in two-photon annihilation of slow electrons 
and positrons are orthogonal [18[ . By combining these 
two arguments we may infer that in our case the nearly 
on-shell intermediate photon absorbed during scattering 
of the high-energy electron will be polarized preferen- 
tially along e|| , whereas the real photon emitted in the 
annihilation process is polarized along ej_ indeed 
For E p 3> to, the energy spectrum of emitted photons 
dRf^/du) oc [E p (lu — to)] -2 sharply peaks at the smallest 
possible photon energy lj ets m(l + j^)- The angular 
photon distribution, see Fig. [31 is well described by 



e?i?f 7 ^ a 3 ir 2 E p p p p p - 



sin 3 — cos 8k) 



d9 k 2m 6 (1 



1— cos Ok 
2m 



E P )(i 



cos 9 k ) 2 



(9) 



where 9k — Z(k, p). The photon is preferably emitted 
close to the backward direction of the colliding electron. 
This can be understood by observing that the radiation 
of a relativistic electron is directed mainly along its di- 
rection of motion 
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Thus, in the time-reversed pro- 
cess, the electron preferably absorbs the virtual photon 
when its wave vector k v ; r is almost parallel to p. Since 
k v ; r + k = 0, the wave vector of the emitted photon 
k should mainly lie in the opposite direction. Photo- 
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FIG. 3: Angular distribution of the photon emitted in reaction 
HI for E + = E~ mm and various E p values: E p = 40 MeV 
(solid line), E p = 50 MeV (long-dashed line), E p = 60 MeV 
(short-dashed line). The angle Qu is measured with respect to 
the momentum vector p. The inset shows the E p dependence 
of the angle where the emission maximum lies. 



emission exactly along — p, however, is forbidden by the 
four-momentum conservation condition. 
Annihilation in a relativistic e + e~ plasma. — We now 
turn to a situation where reaction ([T]) becomes compara- 
ble with two-photon annihilation in terms of total rates. 
Let us consider a relativistic e + e~ plasma which is ho- 
mogeneous, isotropic, and in its thermal and chemical 
equilibrium, with equal e + and densities. The single- 
photon annihilation rate per volume in the plasma, Rt, 
may be estimated by convoluting the rate of Eq. © with 

9F 



the Fermi-Dirac distributions uf{E,T) — e(E _^ /r+1 of 
the particles, where T is the plasma temperaturee and 
cjf = 2 the number of spin degrees of freedom: 



2S f Vd 3 p+ 



Vd 3 p- 
"(27r]3 



■n F (E-,T) 



Vd 3 p 



n F (E p ,T)R ll {p + ,p ,p) 



(10) 



Here, S — \ is a statistical factor to avoid double count- 
ing of the two electrons involved, and the factor 2 appears 
because - apart from ([T]) - there is a second symmetric 
single-photon process: e + e~ +e+ — > e + +7. Note that, 
although the plasma density p may be very high, a per- 
turbativc QED treatment of the particle interactions is 
rendered applicable by the small value of the Coulomb 
coupling parameter w ap 1 ^ 3 /T <C 1 which measures the 
ratio of potential to kinetic particle energies. However, 
relying solely on individual particle collisions, Eq. (fTO]) 
does not account for collective effects due to long-range 
interactions with the plasma medium [i"l, 12[. 
As Fig.fJ] shows, the single-photon annihilation via the 
triple interaction ((T|) can be sizable in a relativistic e + e~ 
plasma. The reason is that it exhibits a dependence 
on the particle density which is by one order higher 
than for the binary e + e~ annihilation into two pho- 
tons. The steeper density scaling can compensate the 
additional factor of a involved in the process. The ra- 
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FIG. 4: Temperature dependence of the total rates per volume 
for single-photon annihilation (blue dots) and two-photon an- 
nihilation (purple squares) in an e + e~ plasma. The inset dis- 
plays the ratio of both annihilation channels. 



tio of the two annihilation channels is of the order of 
Riy/Ra-y ~ ap/m 3 . In the weakly relativistic case with 
T « m, this ratio reaches several percent. In this domain 
collective effects are still marginal since /9|k v ; r |~ 3 ^0.1. 
The rate ratio becomes unity at T m 3 MeV, correspond- 
ing to a density p T 3 w 6.5 x 10 32 cm" 3 [ll|. While 
the onset of collective effects in this regime might slightly 
modify rate predictions based on Eq. (fl"0|) . our results 
clearly indicate the relevance of reaction ([T]) for a proper 
description of the annihilation dynamics in a relativistic 
e + e _ plasma. An analogous conclusion was drawn for 
the triple interactions considered in [Toj | . 
Note for comparison that three-photon annihilation, 
e + e _ — > 37, will remain suppressed by a relative factor a 
with respect to two-photon annihilation since both pro- 
cesses share the same density dependence. Furthermore 
we notice that triple reactions analogous to ([T]) have also 
been found important in quark-gluon plasmas [20j |. 
Relation with atomic physics. — Before proceeding to the 
conclusion, we note that reaction (JTJ exhibits an inter- 
esting analogy in atomic physics. Free electrons typically 
recombine with ions via photo-emission (inverse photo- 
effect). At high electron densities, however, the radia- 
tionless channel of three-body recombination dominates 
where the recombining electron transfers its energy ex- 
cess to a nearby partner electron 



21] . This channel is 



proportional to the square of the electron density [cp. 
Eq. (J7}]. Single-photon annihilation in the presence of a 
second electron may be viewed as three-body recombi- 
nation with the QED vacuum where one of the electrons 
recombines with a vacancy in the "Dirac sea" of negative- 
energy states. In both processes, the recoil absorbed by 
the assisting electron reduces the number of emitted pho- 
tons by one, as compared to radiative recombination and 
two-photon annihilation, respectively. 
Conclusion. — The triple reaction e + e~ + e — > 7 + e' was 
studied in the relativistic domain, applying a novel the- 
oretical approach. Under certain initial conditions the 
emitted photon exhibits very characteristic polarization 
properties and angular distributions, which offer an intu- 



itive picture of this rather involved QED process and also 
might facilitate its detection in a dedicated experiment. 
Single-photon annihilation was shown to be important 
in relativistic e + e~ plasmas in equilibrium due to their 
extremely high density, which renders mult i- particle cor- 
relation effects prominent. 
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